Thermodynamic properties of diamond are theoretically investigated on the ground of self-consistent description of a phonon gas in lattice, which generalizes the Debye model with taking into account the phonon-phonon interaction. It is shown that, at high temperatures, the theory predicts the linear in the temperature deviation of the isochoric heat capacity from the Dulong-Petit law. Unlike for the most crystals, where the decrease in the isochoric heat capacity is observed, our calculations for diamond predict the linear increase of the isochoric heat capacity with the temperature, viewed experimentally. The isobaric heat capacity of diamond, similar to other substances, linearly increases with the temperature.
Introduction
The Debye model [1] is the simplest way to described thermodynamic properties of dielectric crystals. In this approximation a crystal is considered as a continuous elastic isotropic medium in which oscillations propagate with the average speed D c . At temperatures of the order of the Debye temperature D  and higher, the phonon density in a crystal becomes higher than the particle number density, so nonlinear effects get appeared due to phonon interactions. A generalization of the Debye model which takes into account the phonon-phonon interaction was proposed in [2, 3] . In many cases properties of crystals of certain symmetry can be well approximated by a model of an isotropic continuous medium, if its elastic moduli are chosen optimally [4] . A similar approach for an approximate account of nonlinear effects, which are cubic in the strain tensor degree, was used in [5] . In this model, a nonlinear elastic medium is characterized by five elastic moduli. In many cases, for a more complete description of the nonlinear effects, it is necessary to take into account fourth-order terms by the strain tensor in the free energy as well. For these cases, the nonlinear elastic properties of the medium are characterized by nine elastic moduli [6] [7] [8] [9] .
The behavior of the heat capacity of diamond at high temperatures differs from the behavior of the heat capacity of most crystals of other symmetry. Here it is necessary to distinguish the heat capacity at a constant volume V C (isochoric) and the heat capacity at a constant pressure p C (isobaric). The isochoric heat capacity is a more fundamental characteristic [10] , but the isobaric heat capacity is usually determined experimentally. In the high temperature limit in accordance to the Dulong -Petit law [1] 
the isochoric heat capacity tends to a constant value. The difference between the heat capacities in the high-temperature limit is proportional to the temperature [1] :
where n N V  is the particle number density; is the coefficient of isothermal compressibility. Thus, in the high-temperature limit the experimentally observed heat capacity p C grows linearly with increasing the temperature, but V C tends to a constant value. Equation (2) allows one to find the isochoric heat capacity using the measured isobaric heat capacity and the quantities ,, . This deviation can be explained by taking into account the interaction of phonons. Note that an early attempt to explain the high temperature deviation in the behavior of the diamond heat capacity from the standard Dulong -Petit law was made in [11] . The proposed therein explanation is based on the choice of the anharmonic potential of atomic interaction, in the same way as in a diatomic molecule. For the most crystals, the isochoric heat capacity V C obeys the deviation from the Dulong -Petit law: it linearly decreases with increasing the temperature. In diamond-like crystals, such a deviation receives the opposite sign. In this paper we show how these features in the behavior of the high-temperature heat capacity of diamond can be described in framework of the many-particle approach.
In section 2 we briefly comment on the basic equations of [2, 3] . Expression for the free energy and equation for the speed of interacting phonons are obtained there in the general form. In section 3 these expressions are calculated for the isotropic medium, and the nonlinearity parameter is introduced. Section 4 describes how to obtain the elastic moduli of the approximate isotropic medium from the elastic moduli of a crystal. Section 5 contains calculations of the high-temperature heat capacity of diamond. For comparison, same calculation is given for NaCl as a typical crystal of the cubic crystal system. Our conclusions bring together in the last section.
Self-consistent description of interacting phonons
We present relations on which the approach developed in [2, 3] is based. Let phonons in the crystal lattice be described by the Hamiltonian density operator
where quadratic, cubic, and fourth-order in the strain tensor
terms have the form 
and  is the density,
rr is the canonical momentum. Here and further on, the standard agreement on the summation over repeated indices is used. Due to the symmetry of the strain tensor ij ji uu  , the elastic moduli satisfy the known symmetry conditions for both permutations of pairs of indices and permutations of indices within the each pair [12] . With the fourth order in the displacement vector gradients accuracy, the Hamiltonian density takes the form 
In the quantum description, the displacement and the canonical momentum should be considered as operators for which the well-known commutation relations are valid: 
In general the elastic moduli are functions of the temperature. 
To describe the system of interacting phonons, we use the self-consistent field method in the formulation developed for fermionic [13] and for bosonic [14, 15] systems. The implementation of this method on the example of the anharmonic oscillator was demonstrated in [16, 17] . In the proposed formulation, the method of a self-consistent field is introduced at the level of the Hamiltonian, rather than at the level of the equations of motion. This makes possible to achieve the fulfillment of all thermodynamic relations. In this method, the total Hamiltonian is represented as the sum of two terms
Here, the approximating self-consistent Hamiltonian 
describes the interaction of these phonons. The self-consistent Hamiltonian (10) contains the only one effective modulus of elasticity  and describes the phonon system in the isotropic approximation when phonons with arbitrary polarization have the same speed. In addition, S H includes 0  , which does not contain operators. The inclusion of this term is essential, since it describes the change in the ground state during the transition from the exact Hamiltonian to the self-consistent one. Thus, by means of the renormalization of the elastic modulus, the main interaction between the original phonons in the isotropic approximation is taken into account in Hamiltonian (10), and Hamiltonian (11) describes the residual interaction, which is not included in the self-consistent field method. The self-consistent Hamiltonian (10) in the representation of phonon creation and annihilation operators, which satisfy the standard commutation relations 
The value 0  is found from the condition
, where the average is carried out with the statistical operator
is the inverse temperature.
The result is [3] [18] . Equation (16) is valid for the self-consistent description of the nonlinear properties of crystals of arbitrary symmetry. In the absence of interaction and neglecting the nonlinear effects, the phonons are the same as that of the Debye model. They are naturally called "bare" or "Debye". Phonons whose speed is renormalized due to the interaction in accordance with (16) will be called the "self-consistent" ones. Even in the case of neglecting the dependence of the modules aiaj  on the temperature, that is assumed in the ordinary Debye model, the renormalized speed S c of our approach depends substantially on the temperature, since it is expressed in terms of integrals of the distribution function. In the considered approach, the parameter  is chosen so that Hamiltonian (10) is as close as possible to the exact Hamiltonian 
Thermodynamic properties of nonlinear crystals in the isotropic medium approximation
Calculations of the renormalized speed (16) and of the thermodynamic properties of a certain symmetry nonlinear crystal is a complicated and cumbersome procedure that should be separately performed for each crystal class. In many cases, properties of the crystal can be described qualitatively, and even quantitatively, once anisotropy is not strong enough, in the isotropic medium approximation. In [4] such a method was developed to describe elastic waves in crystals. To account of nonlinear effects, that are cubic in the strain tensor, such a method was used in [5] . For a more consistent description of thermodynamic, and in some cases, kinetic properties of the crystal, fourth-order terms in the strain tensor should also be taken into account. The model of the isotropic medium that describes properties of a crystal allows one to substantially simplify the results and to generalize the method to crystals of arbitrary symmetry. In this case, parameters of the isotropic medium model should be found for a crystal of each symmetry from the coincidence with the exact moduli of elasticity condition.
Let us consider the interacting phonons in the isotropic medium in more detail. In this case, the second-order elastic modulus tensor is
where ,  are the Lame coefficients. For brevity, we have used the symbol   
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The sixth-order tensor (18) is determined by three elastic moduli ,,
A B C
, and the eighth-order tensor (19) is determined by five elastic moduli 15 
CC
 . When taking into account effects of the order not higher than four, four invariants can be constructed from the strain tensor:
These invariants are not independent due to the relation 
The contribution to the free energy of the third and fourth order terms in the strain tensor is given by equations 
Taking into account the relation (25), equation (27) 8 ,
Thus, there are two elastic moduli in the linear theory , , three third order modules ,,
A B C and four fourth order modules , , , D E F G [6] [7] [8] [9] . In the considered case, the value (15) 
Taking into account these relations, after integrating (30) over the angles, we arrive at the following equation, which determines the speed of self-consistent phonons in the isotropic elastic medium 
where the average speed of the "bare" phonons is defined by , is a function of the temperature. Note, however, that although in its original formulation the Debye energy is assumed to be independent on the temperature, in practice experiments (e.g. [19] [20] [21] ) reveal the temperature dependence of the Debye energy. In the considered approach, the self-consistent Debye energy D  significantly depends on the temperature due to the phononphonon interaction already at the starting point and, therefore, this approach better reflects the real situation. Although the shortcomings of the Debye model, associated with a very simplified choice of the spectral density which does not take into account the details of the structure of the lattice, remain also in our approach.
For the further reference, it is convenient to introduce the symbol  for the ratio of the renormalized due to the phonon-phonon interaction sound speed S c to the original average sound speed 0 c , or, which is the same, ratio of the self-consistent Debye energy to the standard one:
Equation (32), on account of the introduced quantity (35), can be written in the dimensionless form [3, 4]   Equation (36) contains a single dimensionless parameter that characterizes the system:
where M is the mass of the lattice atom. In general, there are no restrictions on the sign of this parameter. However, calculations show that for the most substances the sign of  is positive. This leads to the fact that in most cases the phonon speed  increase with the temperature [2, 3] . For diamond and crystals with the similar structure, such as germanium and silicon, this parameter turns out to be negative. Further on we will study the solely diamond crystal case.
Approximation of nonlinear characteristics of crystals by the elastic moduli of the isotropic medium
A large number of elastic moduli describes the nonlinear elastic properties of crystals of different symmetry. Most simply is to describe nonlinear properties of the isotropic medium, where there are nine modules upon the expansion of the free energy up to the fourth power in the strain tensor. In most cases, crystals can also be well described using the isotropic medium model, if its parameters are optimally selected. In [4] it was proposed to choose the elastic moduli of the approximating linearized isotropic medium from the requirement of the minimum of the quantity
where aibj  is the modulus of elasticity of a crystal,
 is the elastic modulus of the isotropic medium. As it was shown in [22] , the free energy of the isotropic medium turns out to be as close as possible to the free energy of the crystal in the case. It is natural for the approximation of nonlinear elastic moduli to use the analogous condition (38) [5] , minimizing the quantities with respect to the elastic moduli of the isotropic medium and setting them to zero, we obtain the systems of equations whose solutions are the elastic moduli of a reduced isotropic medium, expressed in terms of the following convolutions of the elastic tensors of a real crystal: ,,
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For the cubic crystals, to which diamond belongs, the following components are selected as the independent components of the elasticity tensors of the fourth, sixth and eighth ranks in the matrix representation [4, 6] : 1) 11 12 44 Using the data given in Tables 1, 2 , equations (44) - (46) result in the elastic coefficients of the reduced isotropic medium for diamond (Table 3) . Using these data together with values of the density  and of the atomic mass M makes possible to calculate the parameters of the generalized Debye theory for the self-consistent phonons [2, 3] in diamond, which are listed in Table 4 . The values of the temperature independent longitudinal and transverse sound velocities, the average velocities of (33), (34) and, the corresponding Debye temperatures, are given in Table 5 . 
The temperature dependences of the Debye energy. Heat capacity
Account of the phonon-phonon interaction leads to the appearance of the dependence of the average phonon speed on the temperature (32), (36) even if such a dependence was absent in the linear approximation. If we determine the Debye energy or the Debye temperature through this speed D S D ck  , the Debye energy will also depend on the temperature. Figure 1 shows the temperature dependence of the self-consistent phonon velocity and the Debye energy of diamond, calculated with the nonlinearity parameter  given in Table 4 . For most solids the nonlinearity parameter  is positive, and the average speed of the self-consistent phonons increases with the temperature [3] . For diamond and some other diamond-like crystals, the parameter  turned out to be negative, so that the phonon speed and the Debye energy decrease with the temperature for them (Fig.1) . Entropy can be obtained by the well-known expression
with the free energy (13), (14) . Computing the derivative, the speed 
The temperature derivative in (48) can be found from equation (36) [3] . As it is known, in the Debye model there is the law of the corresponding states, consisting in the fact that the heat capacity is a function of the dimensionless temperature T   [1] . Account of the phonon-phonon interaction leads to the violation of this law, and every specific phonon system is additionally characterized by its dimensionless parameter  . The calculation of the parameter  shows that it is positive for the most substances. Consequently, we get increasing the self-consistent phonon speed with the temperature and the linear in the temperature deviation of the heat capacity V C from the Dulong-Petit law [3] . Since experimentally it is usually measured the heat capacity p C , which linearly grows at high temperatures (see eq. (2)), to identify the decrease of V C experimentally, it is necessary to use the equation (2) upon processing the experimental data. Figure 2 shows, using NaCl as an example, the typical behavior of the isochoric heat capacity at high temperatures, characterizing the most substances. The experimental data are taken from [23] . Figure 3 shows the temperature dependence of the isochoric heat capacity of diamond, plotted by use of the experimental data from [24, 25] . As we can see, the behavior V C of diamond at high temperatures is qualitatively different from the behavior of this quantity for the most crystals of the cubic crystal system (Fig. 2) . 
Conclusions
For the most substances, the linear in the temperature decrease of V C is observed with increasing the temperature. For crystals with diamond cubic crystal structure, this deviation occurs in the direction of increasing the heat capacity. In the framework of the approach of the self-consistent phonons, using the approximation of the elastic properties of crystals by the reduced isotropic medium, it is possible to clarify formulae for the isochoric heat capacity and the Debye energy.
Account of the phonon-phonon interaction leads to the redefinition of the phonon's speed and of the Debye energy. Their dependence on the temperature occurs. The isochoric heat capacity is no longer a constant. At low temperatures, the corrections to V C are insignificant (the phonon gas can be considered as ideal). At high temperatures, the sign of the correction depends on the sign of the non-linearity parameter  . It is convenient to calculate it for the isotropic medium (see eq. (37), (31)). Calculations show that for all crystals of the cubic system  is positive, except of diamond and crystals with diamond structure. Figures 4, 5 show the difference in the behavior of V C for diamond and NaCl (as an example of crystals of cubic crystal system).
Using the developed approach, one can calculate corrections to the thermodynamic coefficients of crystals under conditions when the phonon gas cannot be considered as weakly interacting. Also, it is possible to obtain the temperature dependences of the longitudinal and transverse Debye energies, if we do not average the speed of phonon. Estimates show that for diamond the difference between the longitudinal and transverse Debye energies can be significant.
